We prove that the space of complex irreducible polynomials of degree d in n variables satisfies two forms of homological stability: first, its cohomology stabilizes as d → ∞, and second, its compactly supported cohomology stabilizes as n → ∞. Our topological results are inspired by counting results over finite fields due to Carlitz and Hyde.
Introduction
The interests of counting irreducible polynomials over finite fields have stretched from eighteenth century to the modern era. Let Irr d,n (F q ) denote the number of normalized irreducible polynomials of total degree d in n variables with coefficients in F q . For example, C. F. Gauss ([8] , page 611) first calculated the size of Irr d,1 (F q ). In 1963, L. Carlitz [1] proved that for integers n > 1
In 2018, T. Hyde (Theorem 1.1 in [6] ) proved that |Irr d,n (F q )| is always a polynomial in q, and moreover, |Irr d,n (F q )| converges coefficient-wise to a formal power series P d (q) as n → ∞. In other words, in the formal power series ring Q[[q]] equipped with the q-adic topology (where higher powers of q are considered smaller), |Irr d,n (F q )| −→ P d (q) as n → ∞.
(1.2)
In this paper, we will pass from F q to C and study the topology of the following manifold:
Irr d,n (C) := {irreducible complex polynomials in n variables with degree d}/C × .
Heuristics from Weil conjectures lead us to ask the following topological questions inspired by Carlitz' and Hyde's point-counting results (see Section 2.1 for a brief explanation of the heuristics):
where D is the real dimension of the manifold Irr d,n (C). Thus, Question 2 equivalently asks if Irr d,n (C) satisfies homological stability in codimensions.
We will prove the following two theorems, each respectively answering the questions above affirmatively.
Theorem 1. For n > 1 and d any positive integer, when i ≤ 2 d+n−1 n−1 − n − 1 , we have
In particular, for each fixed n > 1 and i ≥ 0, the cohomology H i (Irr d,n (C), Z) stabilizes whenever
Remark 1. Theorem 1 will follow from Theorem 4 below, which furthermore implies that the stable cohomology groups of Irr d,n (C) are isomorphic to those of projective spaces. The same isomorphisms also hold forétale cohomology in the category of Galois representations, which concurs with the phenomenon that the limit in Carlitz' result (1.1) is the Poincaré series of CP ∞ . Notice that when n = 1, the statement in Theorem 1 is vacuously true because the bound 2[ d+n−1 n−1 − n − 1] becomes negative. When n > 1, the bound is positive and is exponentially increasing in both d and n.
Theorem 1 also implies that H i (Irr d,n (C), Z) stabilizes as n (not just d) increases. In fact, Carlitz also proved that the same limit in (1.1) holds as n → ∞ (see equation (11) in [1] ), although he didn't state it in the main theorem.
While there seems to be no natural stabilizing maps between Irr d,n (C) and Irr d+1,n (C), there does exist a natural inclusion Irr d,n (C) ֒→ Irr d,n+1 (C) given by considering a polynomial in n variables as a polynomial in n + 1 variables with no term involving the additional variable. 
Remark 2. If n = 1, then 2n d−1 − 2 is negative and the statement above is vacuously true. If d = 1, then Irr d,n (C) = CP n−1 whose compactly supported cohomology also stabilizes as n increases.
Remark 3 (Related works). Hyde (Theorem 1.22 in [7] ) recently proved that the compactly supported Euler characteristic of Irr d,n (C) is 0 when d > 1. Since the stable cohomology of Irr d,n (C) as in Theorem 1 is supported in even degrees, we expect Irr d,n (C) to have many nonzero odd cohomology groups in the unstable range.
In [9] , Tommasi proved that the rational cohomology of the space X d,n of nonsingular complex homogeneous polynomials of degree d in n variables stabilizes as d → ∞. Notice that Irr d,n (C) contains the projectivized X d,n /C × as an open subspace. However, Tommasi's result and ours are independent of each other because the complement of X d,n /C × in Irr d,n (C), the space of irreducible singular hypersurfaces, could have very complicated topology. In fact, Irr d,n (C) and X d,n /C × have non-isomorphic stable cohomology groups: Tommasi's theorem tells us that the stable cohomology of X d,n as d → ∞ is isomorphic to the cohomology of GL n+1 (C), and thus the stable cohomology of X d,n /C × is isomorphic to the cohomology of PGL n+1 (C) which is supported in odd degrees, while in contrast, Theorem 1 tells us that the stable cohomology of Irr d,n (C) is supported in even degrees.
What leads one to ask the topological questions (Question 1 and 2) from the counting results of Carlitz and Hyde? The connection is provided by the Grothendieck-Lefschetz fixed points formula inétale cohomology. See Section 2.1 below for a brief explanation. Our work has a similar spirit as the work of Farb-Wolfson-Wood [4] , where they proved surprising coincidences in the Poincaré series of certain apparently unrelated spaces, which were predicted by the corresponding point-counting results over finite fields (Theorem 1.2 in [4] ). Our Theorem 1 and 2, as well as the reasoning that leads us to discover them, provide another example where the Grothendieck-Lefschetz fixed points theorem, despite not playing any role in the proofs, can still provide reasonable heuristics leading to plausible conjectures, which are proven using topological methods.
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Heuristics and preliminaries
2.1. From theorems about counting to conjectures in topology. We now briefly explain the heuristic that leads one to ask Question 1 and 2 from Carlitz' and Hyde's point-counting results. This association was inspired by the work of Church-Ellenberg-Farb [2] .
For X a variety, the Grothendieck-Lefschetz trace formula gives
where X(F q ) is the set of F q -points on X, and the right hand side involves the trace of Frobenius acting on the compactly supportedétale cohomology of X over F q with Q ℓ -coefficient for ℓ a prime not dividing q. Deligne proved that all the eigenvalues of Frobenius on H í et,c (X; Q ℓ ) have absolute values no more than q i/2 (Théorème 2 in [3] ).
In our case, Hyde proved that |Irr d,n (F q )| is a polynomial in q. For the sake of heuristics, let's naively assume that all eigenvalues of Frobenius on H í et,c (Irr d,n ; Q ℓ ) are exactly equal to q i/2 and that theétale cohomology of Irr d,n / Fq and the singular cohomology of Irr d,n (C) have the same dimension. Then (2.1) simplifies to
where again D abbreviates dim C Irr d,n (C). The second equation follows from the first after applying the Poincaré duality to the noncompact complex (hence orientable) manifold Irr d,n (C):
Observe that the small power of q in (2.2) comes from H i c for i small. Thus, Hyde's result in (1.2) that |Irr d,n (F q )| stabilizes q-adically when n → ∞ translates into the conjecture that H i c (Irr d,n (C); Q) should stabilize once n is large enough. Dually, since the large power of q in (2.3) comes from H j for j small, Carlitz' result in (1.1) that the dominating higher powers of q in |Irr d,n (F q )| converge as d → ∞ translates into the conjecture that H j (Irr d,n (C); Q) should stabilize once d is large enough, after applying the Poincaré duality. This is why we ask Quesiton 1 and 2.
In reality, our naive assumption does not hold. For example, Trevor Hyde (personal communication) uses computer program to calculate that
We can see that some coefficients of lower degree terms are not integers and hence cannot be the dimension of vector spaces. This tells us that the over-simplifying (2.2) is not true (though it is true for higher degree terms in the range when i/2 ≥ 23 = dim Irr 6,2 − d+n−1 n−1 − n − 1) − 1, suggesting that our stability bound in Theorem 1 is close to being sharp, possibly only off by 2 or less). It is interesting that a heuristic reasoning based on vague connections and even false assumptions can produce conjectures that turn out to be true and can be proven using completely different methods.
Preliminary results.
We will prove some preliminary results that will be used later in the proofs of both Theorem 1 and Theorem 2.
Consider the space Poly ≤d,n (C) := {nonzero complex polynomials in n variables with total degree ≤ d}/C × .
Note that Poly ≤d,n (C) = CP ( d+n n )−1 because there are d+n n many monomials of degree ≤ d in n variables. Next define Poly d,n (C) := Poly ≤d,n (C) \ Poly ≤d−1,n (C). This is the space of normalized multivariate polynomials with total degree d. The space Irr d,n (C) is an open subspace of Poly d,n (C) since being reducible is a closed condition.
Lemma 3. For any d and n, we have an isomorphism of complex algebraic varieties:
Thus, Poly d,n (C) is homotopy equivalent to CP ( d+n−1 n−1 )−1 .
Proof.
Observe that any f ∈ Poly d,n (C) can be written uniquely as
where f d is a homogeneous polynomial of degree d (up to scalar) and f <d is an arbitrary polynomial of degree < d. The map f → (f <d , f d ) gives the isomorphism.
To each f ∈ Poly d,n (C) corresponds a partition λ of the integer d obtained by taking the degrees of the irreducible factors of f . Therefore, the unique factorization of normalized polynomials gives the following stratification of Poly d,n (C):
where each S λ,n is the space of normalized polynomials corresponding to the partition λ. The top stratum S λ,n where λ = (d) is the trivial partition with a single part is exactly Irr d,n (C). Therefore, we have is the space of reducible polynomials. For X a topological space and for m ∈ N, we will let Sym m X := X m /S m denote the m-th symmetric power of X where the symmetric group S m acts on X m by permuting the coordinates. For λ ⊢ d and for j ∈ Z >0 , we will let m j (λ) denote the number of parts in λ with size j. Then, by the definition of S λ,n , we have
Sym mj (λ) Irr j,n (C) .
(2.6)
Remark 4 (Comparison with Hyde's counting results). There is one minor difference between our definition and Hyde's. In the definitions above, we considered normalized polynomials up to scalars, while Hyde studied polynomials that are monic with respect to certain fixed monomial ordering (see Theorem 1.1 in [6] ). These two constructions are equivalent because by fixing a monomial ordering, every equivalence class of polynomials up to scalars has a unique monic representative. Thus, our expression of S λ,n in terms of a product of symmetric powers in (2.6) is a topological analog of equation (2.1) in Hyde's paper [6] , copied below:
where |Poly λ,n (F q )| stands for the number of polynomials over F q of factorization type λ.
Proof of Theorem 1
Theorem 1 in the Introduction will follow from Theorem 4 below together with Lemma 3.
Theorem 4. For n > 1, the inclusion Irr d,n (C) ֒→ Poly d,n (C) induces an isomorphism on cohomology
Remark 5. In [1] , Carlitz obtained his result by showing that |Irr d,n (F q )| ∼ |Poly d,n (F q )| as d → ∞ when n > 1. Theorem 4 is a topological analog of Carlitz' observation that "when the number of indeterminates is greater than one we find that almost all polynomials are irreducible" ([1], Section 1). The assumption n > 1 is used in our proof below.
Proof of Theorem 4. Irr d,n (C) is an open subset of Poly d,n (C) and thus is a manifold of complex dimension d+n n − 1 . Hence, Sym m (Irr d,n (C)) is a orbifold (i.e. a manifold quotient by a finite group action) of complex dimension m d+n n − 1 . By (2.6), each S λ,n is also an orbifold with dimension
Since the function j+n n − 1 is strictly convex in j when n > 1, we have dim C (S λ,n ) < dim C (S µ,n ) if λ is strictly finer than µ. Therefore, S (d),n = Irr d,n (C) is the unique stratum with the highest complex dimension d+n n − 1.
Lemma 5. For any partition λ of d that is not (d), we have dim C (S λ,n ) ≤ d+n−1 n + n − 1.
Proof. Every partition λ = (d) has size |λ| ≥ 2. Since dim C (S λ,n ) < dim C (S µ,n ) whenever λ is strictly finer than µ, the dimension of S λ,n is maximized at some partition λ of size exactly two. Hence, it suffices to consider λ to be of the form k + (d − k). For such λ, we have dim C (S λ,n ) = k + n n + d − k + n n − 2 =: f (k).
By checking its second derivative, the function f (k) is strictly convex for k ∈ [1, d − 1] and thus the only possible local maximum occur at the two endpoints. Hence, for any k ∈ [1, d − 1], we have f (k) ≤ f (1) = f (d − 1). Proposition 6. For n > 1, we have H i c (Red d,n (C); Z) = 0 when i > 2 d+n−1 n + n − 1 .
Proof. We have Red d,n (C) = λ⊢d,|λ|>1 S λ,n .
By Lemma 5, Red d,n (C) is a union of strata of complex dimension at most d+n−1 n + n − 1 and thus its compactly supported cohomology must vanish above its real dimensions.
The inclusion of Red d,n (C) into Poly d,n (C) as a closed subspace and with Irr d,n (C) its complement induces the following long exact sequence of cohomology with compact support over Z: · · · → H i−1 c (Red d,n (C)) → H i c (Irr d,n (C)) → H i c (Poly d,n (C)) → H i c (Red d,n (C)) → · · · Thus, by Proposition 6, we have H i c (Irr d,n (C)) ∼ = H i c (Poly d,n (C)) for i > 2[ d+n−1 n + n − 1] + 1. Since Irr d,n (C) and Poly d,n (C) are both oriented manifolds of real dimension 2[ d+n n −1], Theorem 4 follows by applying Poincaré duality.
